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HYPERSURFACES INVARIANT BY PFAFF SYSTEMS
MAUR´ICIO CORR ˆEA JR., LUIS G. MAZA AND M ´ARCIO G. SOARES
ABSTRACT. We present results expressing conditions for the existence of mero-
morphic first integrals for Pfaff systems of arbitrary codimension on complex
manifolds. Some of the results presented improve previous ones due to J-P.
Jouanolou and E. Ghys. We also present an enumerative result counting the
number of hypersurfaces invariant by a projective holomorphic foliation with
split tangent sheaf.
1. INTRODUCTION
The theory of algebraic integrability introduced by G. Darboux was pursued and
expanded by several people, among which we would like to quote H. Poincare´, P.
Painleve´, L. Autonne and, more recently, J-P. Jouanolou and E. Ghys.
In [7], J-P. Jouanolou gave an extensive account of the theory of algebraic Pfaff
equations which included several results on algebraic integrability, among which
conditions for the existence of rational first integrals for Pfaff equations on the
projective spaces Pn
K
, where K is an algebraically closed field of characteristic
zero.
This quest was continued in [8] where he proved that, on a connected com-
pact complex manifold M satisfying certain geometrical conditions, the maximum
number of irreducible hypersurfaces which are solutions of a codimension one
Pfaff equation ω = 0, ω ∈ H0(M,Ω1M ⊗OM L ), L a line bundle on M , is
bounded by
(1) κJ = dim C
[
H0(M,Ω2M ⊗OM L ) /ω ∧H
0(M,Ω1M )
]
+ ̺+ 1
where ̺ is the Picard number of M . Further, if the number of invariant hyper-
surfaces is at least κJ , then there are infinitely many such hypersurfaces and this
happens if, and only if, the Pfaff equation ω = 0 admits a meromorphic first inte-
gral.
This result was improved by E. Ghys in [6]. Ghys showed that Jouanolou’s result
holds if the geometrical conditions on M , assumed in [8], are dropped. More
precisely, the result of [6] states that if a Pfaff equation ω = 0, given by ω ∈
H0(M,Ω1M⊗OM L ), does not admit a meromorphic first integral, then the number
of invariant irreducible divisors must be smaller than
(2)
κG = dimC
[
H0(M,Ω2M ⊗OM L )/ω ∧H
0(M,Ω1cl)
]
+ dimCH
1(M,Ω1cl) + 2,
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where Ω1cl denotes the sheaf of closed holomorphic 1-forms on M .
In the case of one-dimensional Pfaff systems, that is, in the case of holomorphic
foliations of dimension one, M. Correˆa Jr. [3] presented a similar result which
reads: let M be as above and let F be a one-dimensional holomorphic foliation on
M . If F admits at least
(3)
κCJ = dimC
[
H0(M,KF )/iXF (H
0(M,Ω1cl))
]
+ dim CH
1(M,Ω1cl) + dim CM
invariant irreducible hypersurfaces, then F admits a meromorphic first integral.
Here, KF is the canonical bundle of F and iXF (·) is the contraction by a vector
field XF inducing the foliation F .
Another result in this direction was presented by S. Cantat in [2]. Its has a
dynamical flavour and reads: let M be as before and let f be a dominant endo-
morphism of M . If there are κC totally f -invariant hypersurfaces Wi ⊂ M (a
hypersurface W ⊂M is totally f -invariant provided f−1(W ) = W ) with
(4) κC > dim CH1(M,Ω1M ) + dim CM,
then there is a non constant meromorphic function Φ and a non zero complex num-
ber α such that Φ ◦ f = αΦ.
In this note we will consider higher codimensional Pfaff systems on connected
complex manifolds.
The affine case was dealt with in [4] and the result is: let K be an algebraically
closed field of characteristic zero and ω a polynomial r-form of degree d on Kn. If
ω admits
(5)
(
d− 1 + n
n
)
·
(
n
r + 1
)
+ r + 1
invariant irreducible algebraic hypersurfaces, then ω admits a rational first integral.
We now state the results of this note, the first one being a higher codimensional
counterpart of Jouanolou and Ghys theorems.
Theorem 1.1. Let F be a codimension r Pfaff system on a connected, compact,
complex manifold M , defined by ω ∈ H0(M,ΩrM ⊗L ). If F admits
(6) dim C
[
H0(M,Ωr+1M ⊗L )/ω ∧H
0(M,Ω1cl)
]
+ dimCH
1(M,Ω1cl) + r + 1
invariant irreducible analytic hypersurfaces, then F admits a meromorphic first
integral.
The second result makes use of extactic varieties which are defined in terms of
jet bundles and determinants and are discussed in Section 4.
Theorem 1.2. Let F be a holomorphic foliation of dimension r, with locally free
tangent sheaf, on a complex manifold M and let V be a finite dimensional linear
system on M with dim CV = k. If rkT (k) < k, then F has a meromorphic first
integral, where
T (k) : V ⊗ OM −→ J
k
FV.
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Moreover, ifM is compact, then there exists an algebraic manifold N , of dimension
m = m(k, r), and a meromorphic map
ϕ : M 99K N,
such that the fibers of ϕ are F-invariant.
The third result is enumerative and projective, in which case we can use the
notion of degree of a projective Pfaff equation, as defined in Section 6. It states
Proposition 1.1. Let F be a holomorphic foliation on Pn of dimension r, of degree
d > 0 and with split tangent sheaf, that is, TF =⊕ri=1 TFi =⊕ri=1 OPn(1−di).
Suppose no Fi has a rational first integral, i = 1, . . . , r. Then, the number of F-
invariant irreducible hypersurfaces of degree ν, counting multiplicities, is bounded
by
(7)
(
ν + n
n
)
+
deg(F)
νr
((ν+n
n
)
2
)
−
1
ν
((ν+n
n
)
2
)
.
2. PRELIMINARIES
Let M be a connected complex manifold of dimension n. Following Jouanolou
[8] we have:
Definition 2.1. Let L be a holomorphic line bundle on M . A Pfaff system of codi-
mension r onM , 1 ≤ r ≤ dimCM−1, is a nontrivial section ω ∈ H0(M,Ωr⊗OM
L ), where Ωr is the sheaf of holomorphic r-forms on M .
We shall assume that the zero set of ω has codimension ≥ 2 (this is not at all
restrictive, as explained in [1]).
Now, given a hypersurface X ⊂ M consider the inclusion i : X → M . We let
iXω denote the section iXω ∈ H0(ΩrX ⊗L|X) obtained by the projection of ω via
(Ωr ⊗L )|X −→ Ω
r
X ⊗L|X .
Definition 2.2. X is a solution of ω if iXω ≡ 0.
By a slight abuse of language we will say that X is ω-invariant if X is a solution
of ω.
Now for foliations.
Definition 2.3. Let M be a complex manifold of dimension and O(TM) be its
tangent sheaf. A singular holomorphic foliation F on M , of dimension r, is a
coherent involutive subsheaf TF of O(TM) of rank r. Involutive (or integrable)
means that, for each x ∈ M , the stalk TFx is closed under the Lie bracket opera-
tion, [TFx, TFx ] ⊂ TFx.
In the above, the rank of TF is the rank of its locally free part. Since O(TM)
is locally free, the coherence of TF simply means that it is locally finitely gen-
erated. We call TF the tangent sheaf of the distribution and the quotient, NF =
O(TM)/TF , its normal sheaf.
The singular set of F is defined by
S(F) = {x ∈M : (NF )x is not a free Ox −module}.
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On M \S(F) there is a unique (up to isomorphism) holomorphic vector subbundle
E of the restriction TM |M\S(F), whose sheaf of germs of holomorphic sections,
E˜, satisfies E˜ = TF|M\S(F). Clearly r = rank of E.
We will assume that TF is full (or saturated) which means: let U be an open
subset of M and ξ a holomorphic section of O(TM)|U such that ξx ∈ TFx for all
x ∈ U ∩ (M \S(F)). Then we have that for all x ∈ U , ξx ∈ TFx. In this case the
foliation F is said to be reduced.
An equivalent formulation of full is as follows: let O(T ∗M) be the cotangent
sheaf of M . Set TFo = {ω ∈ O(T ∗M) : iγω = 0 ∀ γ ∈ TF} and TFoo =
{γ ∈ O(TM) : iγω = 0 ∀ ω ∈ TF
o}, where i is the contraction. TF is full if
TF = TFoo. Note that integrability of TF implies integrability of TFoo.
Singular foliations can dually be defined in terms of the cotangent sheaf. Thus a
singular foliation of corank q, G, is a coherent subsheaf NG of rank q of O(T ∗M),
satisfying the integrability condition
dNGx ⊂ (O(T
∗M) ∧NG)x
outside the set S(G) = Sing(O(T ∗M)/NG).
NG is called the conormal sheaf of the foliation G. Its annihilator
NGo = { γ ∈ O(TM) : iγω = 0 for all ω ∈ NG }
is a singular foliation of dimension r = dimM − q. See T. Suwa [12] for the
relation between these two definitions.
We remark that, if a foliation F is reduced then codimS(F) ≥ 2 and recip-
rocally, provided TF is locally free (see [12]). This is a useful concept since it
avoids the appearance of “fake” (or “removable”) singularities.
Also, a singular foliation G of corank q induces a Pfaff system of codimension
q. In fact, The q-th wedge product of the inclusion NG ⊂ O(T ∗M) gives rise to a
nonzero twisted differential q-form ωG ∈ H0(ΩkX ⊗ detNG).
A last definition. For the concept of meromorphic map refer to [11].
Definition 2.4. If F is a Pfaff equation or a singular holomorphic foliation on M ,
a first integral for F is a non-constant meromorphic map f : M −→ N , where N
is a complex manifold, such that the fibers of f are F-invariant.
3. PROOF OF THEOREM 1.1
Let M be a complex manifold. Denote Ω1cl the sheaf of germs of closed holo-
morphic differential 1-forms on M . We recall the statement:
Theorem 1.1 Let F be a Pfaff system on a compact, connected, complex manifold
M , induced by an r-form ω ∈ H0(M,Ωr ⊗L ). If F admits
(8) dimCH1(M,Ω1cl) + dim C
(
H0(M,Ωr+1 ⊗L )/ω ∧H0(M,Ω1cl)
)
+ r + 1
invariant irreducible analytic hypersurfaces, then F admits a meromorphic first
integral.
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Proof. Note that, by the compactness of M , the spaces appearing in (8) are finite
dimensional. Part of the proof recalls the arguments of [6]. Denote by Div(M,F)
the abelian group of divisors on M which are invariant by F . We have the homo-
morphism
(9)
Div(M,F) −→ Pic(M)∑
α
λα Lα 7−→
⊗
α
[Lα]⊗λ
α
, λα ∈ Z.
Since Pic(M) ≃ H1(M,Ø∗), logarithmic differentiation defines a homomor-
phism
(10)
H1(M,Ø∗) −→ H1(M,Ω1cl)
g 7−→
dg
g
.
Composition of (9) and (10) gives a C-linear map
(11) Ψ : Div(M,F)⊗ C −→ H1(M,Ω1cl)
which is expressed, in terms of a sufficiently fine open cover {Ui}i∈Λ of M by: if
Lα is defined by fαi = 0 in Ui and, in Uij = Ui ∩ Uj , fαi = gαij fαj ,
(12) Ψ
(∑
α
λα Lα
)
=
[∑
α
λα
dgαij
gαij
]
.
Consider the kernel of Ψ.
∑
α
λα Lα ∈ kerΨ amounts to saying that, on each
Ui, there are closed holomorphic 1-forms ̟i such that in Uij ,
(13)
∑
α
λα
dgαij
gαij
= ̟j −̟i.
But this says that
(14)
∑
α
λα
dfαi
fαi
+̟i =
∑
α
λα
dfαj
fαj
+̟j.
Hence, these glue together to give a global closed meromorphic 1-form η on M ,
defined up to summation of a global closed holomorphic 1-form ρ.
Remark that, since Lα is ω-invariant and hence (ω∧ dfαi )|(fαi =0) ≡ 0, ω∧ η is a
holomorphic r+1-form, defined up to summation of ω ∧ ρ, with ρ a global closed
holomorphic 1-form. It follows that the C-linear map
(15)
Θ : kerΨ −→ H0(M,Ωr+1 ⊗L )/ω ∧H0(M,Ω1cl)∑
α
λα Lα 7−→ ω ∧ (η + ρ)
is well-defined.
Consider the exact sequence
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(16) 0 // Ω1 //M 1 // Q1M // 0
where M 1 is the sheaf of germs of meromorphic 1-forms on M and Q1M is the
quotient M 1/Ω1. The following is a version of [7, Lemme 3.1.1, p. 102]; we
repeat the proof here for the sake of completness.
Lemma 3.1. The C-linear map
(17)
Div(M,F)⊗ C −→ Q1M∑
α
λα · Lα 7−→
∑
α
λα
dfαi
fαi
is injective provided the divisors have no common factor.
Proof. Let λ1, . . . , λs ∈ C and f1, . . . , f s ∈ Div(M,F) be such that
(18) ηi =
s∑
j=1
λj
df ji
f ji
= 0 ∈ Q1M
so that ηi is holomorphic. In each Ui, set V ji = {f
j
i = 0} and choose a point
pji ∈ V
j
i \
⋃
1≤k≤s
j 6=k
V ki .
Now, let Γji be a curve through p
j
i not contained in V
j
i and γ
j
i : {z; |z| < 1} → Ui
be a parametrization of Γji with γ
j
i (0) = p
j
i . Put h
j
i = f
j
i ◦ γ
j
i . For all k =
1, . . . , s, k 6= j, the functions (h
k
i )
′
hki
are regular at 0, (h
j
i )
′
hji
has a simple pole at 0
and Res
(
(hji )
′
hji
, 0
)
= ρji , which is the multiplicity of 0 as a zero of h
j
i . On the
other hand, it follows from (18) that
(19) λ1i
(h1i )
′
h1i
+ · · · + λji
(hji )
′
hji
+ · · ·+ λsi
(hsi )
′
hsi
= (γji )
∗η.
Taking residues at 0 in (19) we get λjiρ
j
i = Res
(
(γji )
∗η, 0
)
= 0 and, as ρji 6= 0,
we have λji = 0 for j = 1, . . . , s. 
Suppose now that F admits at least
(20) dimCH1(M,Ω1cl)+dimC
(
H0(M,Ωr+1 ⊗L )/ω ∧H0(M,Ω1cl)
)
+ r+1
invariant irreducible analytic hypersurfaces. From (11) and (15) we have
(21) dim C kerΨ ≥ dimC(H0(M,Ωr+1 ⊗L )/ω ∧H0(M,Ω1cl)) + r + 1.
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Hence dim C kerΘ ≥ r+1 and kerΘ is non trivial. Now, given a non zero element
x ∈ kerΘ, we can choose L1, . . . , Lk ∈ Div(M,F) and λ1, . . . , λk ∈ C∗ such
that
i) x =
k∑
α=1
λα Lα ∈ kerΨ and x is nonzero.
ii) Θ
(
k∑
α=1
λα Lα
)
= 0 ∈ H0(M,Ωr+1 ⊗L )/ω ∧H0(M,Ω1cl).
Using (14) we have that there exists µ = (µi) ∈ Z0(M,Ω1cl) such that, in Ui,
(22) ω ∧
(
̟i +
k∑
α=1
λα
dfαi
fαi
)
= ω ∧ µi,
which amounts to
(23) ω ∧
(
̟i − µi +
k∑
α=1
λα
dfαi
fαi
)
= 0
in each Ui. Thus we get a global closed meromorphic 1-form ξ˜ with
(24) ξ˜|Ui = ̟i − µi +
k∑
α=1
λα
dfαi
fαi
such that
(25) ω ∧ ξ˜ = 0.
In this way we can construct r + 1 > 1 global closed meromorphic 1-forms
ξ˜1, . . . , ξ˜r+1 on M such that
(26) ω ∧ ξ˜j = 0 , 1 ≤ j ≤ r + 1.
Define α1 = ξ˜1∧· · ·∧ ξ˜r and α2 = ξ˜2∧· · ·∧ ξ˜r+1 and remark that |α1|∞ 6= |α2|∞,
where | · |∞ denotes the set of poles. We have the following possibilities:
Case 1. α1 6= 0 and α2 6= 0.
Case 2. α1 = 0 or α2 = 0.
Case 1: Since |α1|∞ 6= |α2|∞ we have that α1 and α2 are linearly independent
over C. We claim there exist R1, R2 ∈ M (M) such that ω = Ri αi, i = 1, 2.
In fact, consider the M (M)-basis {ξ˜1, . . . , ξ˜r+1, . . . , ξ˜s} of M 1 obtained by com-
pleting {ξ˜1, . . . , ξ˜r+1} to a M (M)-basis. Write
(27) ω =
∑
1≤i1<···<ir≤s
Ri1,...,ir ξ˜i1 ∧ · · · ∧ ξ˜ir .
Since ω ∧ ξ˜j = 0, for j = 1, . . . , r + 1, we have ω = R1,...,r ξ˜1 ∧ · · · ∧ ξ˜r and
ω = R2,...,r+1 ξ˜2 ∧ · · · ∧ ξ˜r+1. Note R1 = R1,...,r and R2 = R2,...,r+1. Hence,
8 MAUR´ICIO CORR ˆEA JR., LUIS G. MAZA AND M ´ARCIO G. SOARES
α1 =
R1
R2
α2. Since the meromorphic r-forms α1 and α2 are closed we have
0 = d
(
R1
R2
)
∧α2 and thus d
(
R1
R2
)
∧ω = 0. Moreover, since α1, α2 are linearly
independent over C, R = R1
R2
is not constant. This shows that the meromorphic
function R is a first integral for ω.
Case 2: Suppose α1 = 0. Let m be the largest integer such that ξ˜1, . . . , ξ˜m are
linearly independent over M (M). Then,
(28) ξ˜m+1 =
m∑
i=1
Ri ξ˜i
with R1, . . . , Rm ∈ M (M). Since ξ˜i is closed for i = 1, . . . ,m+ 1, we get
(29) 0 =
m∑
i=1
dRi ∧ ξ˜i.
Then, for each j = 1, . . . ,m, multiplying (29) by ξ˜1∧· · ·∧ ̂˜ξj ∧· · ·∧ ξ˜m we obtain
0 =
m∑
i=1
dRi ∧ ξ˜i ∧ ξ˜1 ∧ · · · ∧
̂˜
ξj ∧ · · · ∧ ξ˜m
= (−1)j+1dRj ∧ ξ˜1 ∧ · · · ∧ ξ˜m.
Since ξ˜1, · · · , ξ˜m are linearly independent over M (M), there exist g1, · · · , gm
∈ M (M) such that dRj =
∑m
i=1 gi ξ˜i. By (26) we get
dRj ∧ ω =
m∑
l=i
gi ξ˜i ∧ ω = 0.
Besides, from (28) and lemma 3.1 there exists i0 ∈ {1, . . . ,m} such that Ri0 is
not constant. That is, Ri0 is a meromorphic first integral for ω. The case α2 = 0 is
dealt with analogously.

4. JET BUNDLES AND EXTACTIC VARIETIES
Throughout this section F denotes a (singular) holomorphic foliation of dimen-
sion r, on a connected complex manifold of dimension n. We assume F has a
locally free tangent sheaf and that its singular locus has codimension greater than
or equal to 2. Hence, such an F is given by the data:
i) An open covering {Uα}α∈Λ of M .
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ii) An involutive system of holomorphic vector fields {X1,α, . . . ,Xr,α} on
Uα such that
(30) Sα = {p ∈ Uα ; (X1,α ∧ · · · ∧Xr,α) (p) = 0}
satisfies the condition codimCSα ≥ 2.
iii) Whenever Uαβ := Uα∩Uβ 6= ∅, there exists gαβ := [gijαβ ] ∈ GL(r,O(Uαβ))
such that
(31)
Xi,α =
r∑
j=1
gijαβ Xj,β, and hence
X1,α ∧ · · · ∧Xr,α = det(gαβ) X1,β ∧ · · · ∧Xr,β in Uαβ.
In particular, Sα ∩ Uαβ = Sβ ∩ Uαβ . Thus, the singular set Sing(F) =
⋃
α Sα
of F is an analytic subset of M of codimCSing(F) ≥ 2. Also, if TF∗ is the vector
bundle associated to the cocycles
{
[gijαβ ] := gαβ ∈ GL(r,O(Uαβ))
}
α∈Λ
then, by
(31), F induces a global holomorphic section of ∧r TM ⊗ det(TF∗).
Definition 4.1. Let ϑ : G → H be a map of coherent sheaves of OM -modules.
Denote by ϑ(x) : G (x) → H (x) the corresponding linear map on stalks. The
rank of ϑ, denoted rk(ϑ), is the largest integer r such that ∧r ϑ 6= 0. If x is a point
in M , then the local rank of ϑ at x, rkx(ϑ), is the rank of the map ϑ(x).
Before proceeding, a piece of notation. Consider a vector field X as a derivation
and, if f is a function, we let X0(f) = f and Xm(f) = X(Xm−1(f)), for m > 0.
Let H be a holomorphic line bundle on M , consider a finite dimensional linear
system V ⊂ H0(M,H), of dimension k ≥ 1, and take an open covering {Uα}α∈Λ
of M which trivializes both H and (TF∗)∗ = TF . In the open set Uα we can
consider the map
T (k)α : V ⊗OUα → O
⊕(k−1+rr )
Uα
defined by
(32) T (k)α (sα) =
∑
i1 + · · · + ir ≤ k
Xi11,α . . . X
ir
r,α(sα) ·
ti11 . . . t
ir
r
i1! . . . ir!
,
where sα and {Xi,α}ri=1 are local representatives, respectively, of a section s ∈
V ⊂ H0(M,H) and of generators of TF . Also, for each |I| = i1 + · · · + ir ,
0 ≤ |I| ≤ k we fix an order of appearance for the monomials tI = ti11 . . . tirr . This
is not relevant to the construction of the jet bundles, since different orderings will
produce isomorphic bundles and, besides, the extatic variety (Definition 4.2 below)
remains unchanged as it is locally given by the vanishing of the k × k minors of
(36).
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In Uαβ we have sα = fαβsβ and by (31) and Leibniz’s rule we get
(33) Xi,α(sα) =
 k∑
j=1
gijαβ ·Xj,β(fαβ)
 · sβ + fαβ · k∑
j=1
gijαβ ·Xj,β(sβ).
Iterating this procedure up to order
(
k−1+r
r
)
, where k = dimCV , we obtain
sα
XJ1α (sα)
XJ2α (sα)
.
.
.
XJkα (sα)

=
=

fαβ 0 · · · 0 0[
k∑
j=1
gijαβ ·Xj,β(fαβ)
]
fαβ · gαβ · · · 0 0
∗ ∗ fαβ · g
2
αβ 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
∗ ∗ · · · ∗ fαβ · g
(k−1+rr )
αβ

·

sβ
XJ1β (sβ)
XJ2β (sβ)
.
.
.
XJkβ (sβ)

where XJℓα (•) = (· · · ,X
j1
1,α · · ·X
jr
r,α(•), · · · )T, with |Jℓ| =: j1 + · · · + jr = ℓ for
all ℓ = 1, . . . , k. Denoting the
((
k−1+r
r
)
+ 1
)
×
((
k−1+r
r
)
+ 1
)
matrix above by
Θαβ(F , V ) ∈ GL
((
k−1+r
r
)
+ 1,OUαβ
)
, a calculation shows that Θαβ(F , V )(p) ·Θβα(F , V )(p) = I, for all p ∈ Uαβ 6= ∅
Θαβ(F , V )(p) ·Θβγ(F , V )(p) ·Θγα(F , V )(p) = I, for all p ∈ Uαβγ 6= ∅.
That is, the family of matrices {Θαβ(F , V )}α,β∈Λ defines the cocycles of a vector
bundle of rank
(
k−1+r
r
)
+ 1 on M that we denote by JkFV . Now, using the trivial-
izations {Θαβ(F , V )}α,β∈Λ we can glue the maps T (k)α and obtain the morphism
(34) T (k) : V ⊗OM → JkFV.
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Remark 1. The referee of this article brought to our attention a work by E. Esteves
[5] which was unknown to us, where a more general construction of bundles and of
sheaves of jets of foliations is carried out. In the case of holomorphic foliations the
construction given in [5] coincide with the given by (34) for V a linear subspace of
H0(M,OM ). 
Taking the k-th wedge product of T (k) and recalling that dimCV = k we have
the morphism ∧k T (k) : ∧k V ⊗ OM → ∧k Jk−1F V ,
and tensorizing by (
∧k V )∗ we obtain a global section of ∧k Jk−1F V ⊗ (∧k V )∗
given by
(35) ε(F , V ) : OM →
k∧
Jk−1F V ⊗ (
k∧
V )∗.
Definition 4.2. The extactic variety of F with respect to the linear system V ⊂
H0(M,H) is the locus of zeros E(F , V ) of the section
ε(F , V ) ∈ H0
(
M,
∧k Jk−1F V ⊗ (∧k V )∗) .
The section ε(F , V ) is the extactic section of F with respect to V .
Considering the local expression of T (k) applied to a basis of V , say {s1, . . . , sk},
we have the matrix
(36)

sα1 s
α
2 · · · s
α
k
X1,α(s
α
1 ) X1,α(s
α
2 ) · · · X1,α(s
α
k )
X2,α(s
α
1 ) X2,α(s
α
2 ) · · · X2,α(s
α
k )
.
.
.
.
.
.
.
.
.
.
.
.
Xr,α(s
α
1 ) Xr,α(s
α
2 ) · · · Xr,α(s
α
k )
.
.
.
.
.
.
.
.
.
.
.
.
XJℓα (s
α
1 ) X
Jℓ
α (s
α
2 ) · · · X
Jℓ
α (s
α
k )
.
.
.
.
.
.
.
.
.
.
.
.
X
Jk−1
α (sα1 ) X
Jk−1
α (sα2 ) · · · X
Jk−1
α (sαk )

,
where XJℓα (sαi ) = (· · · ,X
j1
1,α · · ·X
jr
r,α(sαi ), · · · )
T
, with |Jℓ| = ℓ and sαi is the local
representation of the section si, i = 1, . . . , k. It follows that the local expression
of the section ε(F , V ) is given by the determinants of the k × k minors of (36):
(37) (. . . ,det [XJα (sαj )] , . . . ) 0 ≤ |J | ≤ k − 1, 1 ≤ j ≤ k.
and the local defining equations of E(F , V ) are
(38) det [XJα (sαj )] = 0, 0 ≤ |J | ≤ k − 1, 1 ≤ j ≤ k.
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The simplest situation is that of a single vector field. In this case the extactic
ε(F , V ), where F is the one-dimensional foliation induced by X is given by
(39) ε(F , V ) = det

sα1 s
α
2 · · · s
α
k
Xα(s
α
1 ) Xα(s
α
2 ) · · · Xα(s
α
k )
X2α(s
α
1 ) X
2
α(s
α
2 ) · · · X
2
α(s
α
k )
.
.
.
.
.
.
.
.
.
.
.
.
Xk−1α (s
α
1 ) X
k−1
α (s
α
2 ) · · · X
k−1
α (s
α
k )

where {s1, . . . , sk} is a basis of V . The following results elucidate the role of the
extactics in this case.
Proposition 4.1. [9] Let F be a one-dimensional holomorphic foliation on a com-
plex manifold M . If V is a finite dimensional linear system, then every F-invariant
divisor in V must be contained in the extactic divisor E(F , V ).
Theorem 4.1. [9, Theorem 3] Let F be a one-dimensional holomorphic foliation
on a complex manifold M . If V is a finite dimensional linear system such that
ε(F , V ) vanishes identically, then there exists an open and dense set U , possibly
intersecting the singular set of F , where F|U admits a holomorphic first integral.
Moreover, if M is a projective variety, then F admits a meromorphic first integral.
This last result can be slightly improved as follows:
Theorem 4.2. [3, Theorem 1.2] Let F be a one-dimensional holomorphic foliation
on a complex manifold M and let V be a finite dimensional linear system on M . If
ε(F , V ) vanishes identically then F admits a meromorphic first integral.
We can then make the following
Remark 2. Let F be a one-dimensional holomorphic foliation on a complex man-
ifold M and V a finite dimensional linear system on M . If F does not admit a
meromorphic first integral, then ε(F , V ) 6≡ 0.
Now we give counterparts of Proposition 4.1 and Theorems 4.1 and 4.2 for
higher dimensional foliations.
Proposition 4.2. Let F be a holomorphic foliation of dimension r on a complex
manifold M of dimension n. If V is a linear system of dimension k, then every
F-invariant complete intersection of elements of V is contained in E(F , V ).
Proof. Every complete intersection of elements of V is the intersection of the ze-
ros of ℓ C-linearly independent sections, say s1, . . . , sℓ ∈ V . Then we can, if
necessary, complete this family to a basis of V , say
{s1, . . . , sℓ, sℓ+1, . . . sk}.
Consider in each Uα the representation sαi of the section si. If Z(sα1 , . . . , sαℓ ) is
F-invariant, then
Xi,α(s
α
j ) ∈ I(s
α
1 , . . . , s
α
ℓ ), j = 1, . . . , ℓ ; i = 1, . . . , r
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and so we get XJα (sαj ) ∈ I(sα1 , . . . , sαℓ ), for j = 1, . . . , ℓ and any J . Hence, in Uα
the determinants
det
[
XJα (s
α
j )
]
, 0 ≤ |J | ≤ k − 1, 1 ≤ j ≤ k.
do all vanish along Z(sα1 , . . . , sαℓ ). 
5. PROOF OF THEOREM 1.2
Theorem 1.2. Let F be a holomorphic foliation of dimension r, with locally free
tangent sheaf, on a complex manifold M and let V be a finite dimensional linear
system on M with dim CV = k. If rkT (k) < k, then F has a meromorphic first
integral. If M is compact, then there exist an algebraic manifold N , of dimension
m = m(k, r), and a meromorphic map
ϕ : M 99K N,
such that the fibers of ϕ are F-invariant.
Proof. Let {s1, . . . , sk} be a C-basis for V and suppose rankT (k) < k. This
means that the columns of the matrix (36) are dependent over the field of mero-
morphic functions M (Uα). Hence there are meromorphic functions θα1 , . . . , θαk in
Uα such that
(40) Mαi =
k∑
j=1
θαjXi,α(s
α
j ) = 0, 0 ≤ i ≤ r.
Now, let m be the smallest integer with the property that there exist meromorphic
functions θα1 , . . . , θαm and sα1 , . . . , sαm ∈ V , linearly independent over C, such that
(40) holds, that is, m is the rank of T (k) over the field M (M) of meromorphic
functions in M . Hence,
(41)
M˜α0 =
m∑
j=1
θαj s
α
j = 0,
M˜αi =
m∑
j=1
θαjXi,α(s
α
j ) = 0, 1 ≤ i ≤ r.
We have 1 < m ≤ k and we may assume θαm = 1. Applying the derivation Xi,α
to M˜α0 we get, for 1 ≤ i ≤ r,
(42)
Xi,α(M˜
α
0 ) =
= Xi,α(θ
α
1 )s
α
1 + · · · +Xi,α(θ
α
m−1)s
α
m−1 +Xi,α(θ
α
m)︸ ︷︷ ︸
=0
sαm + M˜
α
i =
= Xi,α(θ
α
1 )s
α
1 + · · · +Xi,α(θ
α
m−1)s
α
m−1 = 0.
The minimality ofm assures thatXi,α(θα1 ) = · · · = Xi,α(θαm−1) = 0 and hence we
have at least one meromorphic first integral common to the Xi,α in Uα, 1 ≤ i ≤ r,
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provided the θαj are not all constants. This is the case since
(43) Mα0 = θα1 sα1 + · · ·+ θαm−1sαm−1 + sαm = 0
and sα1 , . . . , sαm ∈ V are linearly independent over C.
In Uαβ we have, since sβj = fβαsαj ,
(44)
0 = θβ1 s
β
1 + · · ·+ θ
β
m−1s
β
m−1 + s
β
m =
= θβ1 fβαs
α
1 + · · ·+ θ
β
m−1fβαs
α
m−1 + fβαs
α
m =
= fβα(θ
β
1 s
α
1 + · · ·+ θ
β
m−1s
α
m−1 + s
α
m),
which amounts to
(45) θβ1 sα1 + · · ·+ θβm−1sαm−1 + sαm = 0.
Taking the difference between (43) and (45) we have
(46) (θα1 − θβ1 )sα1 + · · · + (θαm−1 − θβm−1)sαm−1 = 0.
Again, the minimality of m gives
(47) θαi − θβi = 0 in Uαβ , 1 ≤ i ≤ m− 1.
Therefore we obtain at least one nonconstant meromorphic first integral Θi given
locally by Θi|Uα = θ
α
i .
Suppose now that M is compact. Recall that the algebraic dimension a(M) is
the transcendence degree over C of the field M (M) of meromorphic functions on
M , that is, a(M) equals the maximal number of elements f1, . . . , fa ∈ M (M)
satisfying
df1 ∧ · · · ∧ dfa 6= 0.
The algebraic Reduction Theorem [13, pg. 24, Theorem 3.1] states that there
exist a bimeromorphic modification M˜ ζ−→M and a holomorphic map π : M˜ −→
V , with connected fibres, onto an algebraic manifold V of dimension a(M), such
that ζ∗M (M) ≃ π∗M (V ). A similar construction holds for any algebraically
closed subfield K ⊂ M (M).
Now, let M (F) ⊂ M (M) be the subfield of meromorphic first integrals of F .
Invoking the algebraic Reduction Theorem we conclude, since M (F) is a subfield
of M (M), that there exists an algebraic manifold N with
(48) dimN = trdegC M (F) ≤ codimCF
and a meromorphic map ϕ : M 99K N, such that the fibers of ϕ are F-invariant.

HYPERSURFACES INVARIANT BY PFAFF SYSTEMS 15
6. AN APPLICATION IN PROJECTIVE SPACES
The next result is one in projective spaces and in this case we have at hand the
notion of degree of a Pfaff system, which we now recall.
Definition 6.1. Let F be a codimension n − k Pfaff equation on Pn given by
ω ∈ H0(Pn,Ωn−k
Pn
⊗ L). If i : Pn−k → Pn is a generic linear immersion then
i∗ω ∈ H0(Pn−k,Ωn−k
Pn−k
⊗ L) is a section of a line bundle, and its zero divisor
reflects the tangencies between F and i(Pn−k). The degree of F is the degree of
such tangency divisor. It is noted deg(F).
Set d := deg(F). Since Ωn−k
Pn−k
⊗ L = OPn−k(deg(L) − n + k − 1), one
concludes that L = OPn(d + n− k + 1). Besides, invoking the Euler sequence a
section ω of Ωn−k
Pn
(d+n−k+1) can be thought off as a polynomial (n−k)-form
on Cn+1 with homogeneous coefficients of degree d+1, which we will still denote
by ω, satisfying
(49) iϑω = 0
where ϑ = x0 ∂∂x0 + · · ·+xn
∂
∂xn
is the radial vector field and iϑ means contraction
by ϑ. Thus the study of Pfaff equations of codimension n − k and degree d on
P
n reduces to the study of locally decomposable homogeneous (n − k)-forms on
C
n+1
, of degree d+ 1, satisfying relation (49).
In particular, we have two ways to describe reduced one-dimensional Pfaff equa-
tions F on Pn, which in fact define foliations since the integrability condition is
void in this case. One is through a homogeneous (n−1)-form ω ∈ Ωn−1
Pn
(d+n) of
degree d+1 and, using the canonical isomorphism E ∼=
∧nE ⊗∧n−1E∗, where
E is a vector bundle of rank n, through a section χ : TPn ⊗ O(d − 1) that is, a
vector field which annihilates ω, iχω = 0. Equivalently, F is given by a morphism
Φ : O(1− d) −→ TPn.
Hence F is represented, in Cn+1, by a homogeneous polynomial vector field χ of
degree d and, due to Euler’s sequence, χ+ gϑ represents the same foliation, where
g is any homogeneous polynomial of degree d.
Proposition 1.1. Let F be a holomorphic foliation on Pn of dimension r,
of degree d > 0 and with split tangent sheaf, that is, TF = ⊕ri=1 TFi =⊕r
i=1 OPn(1 − di). Suppose no Fi has a rational first integral, i = 1, . . . , r.
Then, the number of F-invariant irreducible hypersurfaces of degree ν, counting
multiplicities, is bounded by
(50)
(
ν + n
n
)
+
deg(F)
νr
((ν+n
n
)
2
)
−
1
ν
((ν+n
n
)
2
)
.
Note that the splitting of the tangent sheaf implies deg(F) =
∑r
1 di.
In particular, if TF = O⊕r
Pn
, that is to say deg(Fi) = di = 1, then the number
of F-invariant hyperplanes is bounded by n+1. This bound is sharp in the case of
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hyperplanes, as can be seen through the example
n∑
i=0
λi
dxi
xi
where n ≥ 2,
∑
λi = 0 and no λi is equal to zero. This foliation has degree n− 1
and leaves invariant the n+ 1 hyperplanes xi = 0, i = 0, . . . , n.
This is in accordance with J.V. Pereira and S. Yuzvinsky [10, Proposition 4.1]
where it is shown that a foliation F of codimension one on Pn with non-degenerate
Gauss map has the number of invariant hyperplanes limited by(
n+ 1
n− 1
)
deg(F).
Proof. With notations as in Section 4, let X1, . . . ,Xr be homogeneous polynomial
vector fields on Cn+1 inducing F , with Xi inducing the foliation Fi, i = 1, . . . , r.
Let V = H0(Pn,OPn(ν)) be the linear system consisting of the homogeneous
polynomials of degree ν in z0, . . . , zn, dimV = K =
(
ν+n
n
)
. Since no Fi has a
first integral, by Remark 2 the extactics ε(Fi, V ), 1 ≤ i ≤ r, are not identically
zero and given given by
(51) ε(Fi, V ) = det

s1 s2 · · · sK
Xi(s1) Xi(s2) · · · Xi(sK)
X2i (s1) X
2
i (s2) · · · X
2
i (sK)
.
.
.
.
.
.
.
.
.
.
.
.
XK−1i (s1) X
K−1
i (s2) · · · X
K−1
i (sK)

where {s1, . . . , sK} is a basis of V .
Now, an irreducible hypersurface M ⊂ Pn is invariant by F if, and only if,
M is invariant by each one of the foliations Fi, i = 1, . . . , r. Hence, if M has
f = 0 as irreducible defining equation, then f factors each one of extactics above
by Proposition 4.1 that is, ε(Fi, V ) = f Ri where Ri is a polynomial. Let E be
the product
(52) E = ε(F1, V ) . . . ε(Fr, V ).
If f1, . . . , fN are irreducible polynomials of degree ν, counting multiplicities, defin-
ing the hypersurfaces invariant by all of the Fis, then
(53) E = (f1 . . . fN )R1︸ ︷︷ ︸
=ε(F1,V )
. . . (f1 . . . fN)Rr︸ ︷︷ ︸
=ε(Fr ,V )
= (f1 . . . fN)
rR1 . . . Rr.
We now count degrees.
deg(f1 . . . fN )
r = r
N∑
1
deg(fi) = rνN.
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By (53)
(54) deg(E ) =
r∑
1
deg(ε(Fi, V )) ≥ rνN
and as
deg(ε(Fi, V )) = Kν + (di − 1)
(
K
2
)
we have, by (54),
(55) deg(E ) = Krν +
r∑
1
(di − 1)
(
K
2
)
≥ rνN.
This gives
N ≤ K +
r∑
1
(di − 1)
rν
(
K
2
)
,
and as
r∑
1
di = deg(F), we are left with
(56) N ≤ K + deg(F)
rν
(
K
2
)
−
1
ν
(
K
2
)
.

ACKNOWLEDGMENTS
This work was partially supported by CNPq, CAPES and FAPEMIG (Brasil).
We thank the referee for useful comments and for introducing to us the work [5].
The third named author is grateful to IMPA for support and hospitality.
REFERENCES
[1] M. Brunella and L. G. Mendes, Bounding the degree of solutions to Pfaff equations, Publ. Mat.
44 (2000), 593-604.
[2] S. Cantat, Invariant hypersurfaces in holomorphic dynamics, Math. Res. Lett. 17 (5) (2010),
833-841.
[3] M. Correˆa Jr., An improvement to Lagutinskii-Pereira integrability theorem, Math. Res. Lett. 18
(4) (2011), 645-661.
[4] M. Correˆa Jr., M. G. Soares, L. G. Maza, Algebraic integrability of polynomial differential
r-forms, Journal of Pure and Applied Algebra 215 (2011), 2290-2294.
[5] E. Esteves, Jets of singular foliations, Preprint arXiv:math/0611528v1, 2006.
[6] ´E. Ghys, `A propos d’un the´ore`me de J.-P. Jouanolou concernant les feuilles ferme´es des feuil-
letages holomorphes. Rend. Circ. Mat. Palermo 49 (2) (2000), no. 1, 175-180.
[7] J-P. Jouanolou, ´Equations de Pfaff alge´briques. Lecture Notes in Math. 708, Springer, 1979.
[8] J-P. Jouanolou, Hypersurfaces solutions d’une e´quation de Pfaff analytique, Math. Ann. 232
(1978) no 3, 239-245.
[9] J.V. Pereira, Vector fields, invariant varieties and linear systems, Ann. Institut Fourier 51 (5)
(2001), 1385-1405.
[10] J.V. Pereira, S. Yuzvinsky, Completely reducible hypersurfaces in a pencil. Adv. Math. 219(2),
672-688 (2008)
18 MAUR´ICIO CORR ˆEA JR., LUIS G. MAZA AND M ´ARCIO G. SOARES
[11] R. Remmert, Holomorphe und meromorphe Abbildungen komplexer Ra¨ume Math. Ann. , 133
(3) (1957) pp. 328-370.
[12] T. Suwa, Indices of Vector Fields and Residues of Singular Holomorphic Foliations, Actualite´s
Mathe´matiques, Hermann (Paris), ISBN 2 7056 6361 4 (1998).
[13] K. Ueno, Classification theory of algebraic varieties and compact complex spaces. Notes writ-
ten in collaboration with P. Cherenack. Lecture Notes in Mathematics, Vol. 439. Springer-
Verlag, Berlin-New York, 1975.
MAURI´CIO CORREˆA JR., DEP. MATEMA´TICA ICEX - UFMG, CAMPUS PAMPULHA, 31270-
901 BELO HORIZONTE - BRASIL.
E-mail address: mauricio@mat.ufmg.br
LUIS G. MAZA , DEPARTAMENTO DE MATEMATICA - UFAL, CAMPUS A.C. SIMO˜ES S/N,
57072-090 MACEIO´ - BRASIL.
E-mail address: lmaza@im.ufal.br
MA´RCIO G. SOARES, DEP. MATEMA´TICA ICEX - UFMG, CAMPUS PAMPULHA 31270-901
BELO HORIZONTE - BRASIL.
E-mail address: msoares@mat.ufmg.br
